We obtain the renormalization group improved expressions of the Wilson coefficients of the HQET Lagrangian with leading logarithmic approximation to O(1/m 3 ) for the spin-independent sector, which includes the heavy quark chromo-polarizabilites. Our analysis includes the effects induced by spectator quarks. We observe that the numerical impact of these logarithms is very large in most cases.
I. INTRODUCTION
The expansion in inverse powers of the heavy quark mass is a useful tool for the study of hadrons containing one (or more) heavy quarks. This expansion is formulated more systematically in terms of an effective theory and of its associated effective Lagrangian. For the one-heavy quark sector this effective theory is the Heavy quark effective theory (HQET) [1] . Once obtained, its Lagrangian can be applied to physical observables associated to the B or D mesons, such as their spectrum or decays. The HQET Lagrangian is also instrumental in the description of systems with more than one heavy quark, in particular if we fix our attention to the heavy quark-antiquark sector (i.e. heavy quarkonium), as the HQET Lagrangian corresponds to one of the building blocks of the Non-relativistic QCD (NRQCD) Lagrangian [2, 3] . The Wilson coefficients of the HQET Lagrangian operators also enter into the Wilson coefficients of the operators (i.e. the potentials) of the potential NRQCD (pNRQCD) Lagrangian [4, 5] , an effective field theory optimised for the description of heavy quark-antiquark systems near threshold (for reviews see [6, 7] ). Important for us is that the Wilson coefficients we will compute in this paper are necessary ingredients to obtain the pNRQCD Lagrangian with next-to-next-to-next-to-leading log (NNNLL) accuracy, which in turn is the necessary precision to obtain the complete heavy quarkonium spectrum with NNNLL accuracy, and also necessary for the computation of the production and annihilation of heavy quarkonium with NNLL precision. Actually, this is one of the main motivations we undertake this work. These results are also instrumental in the determination of higher order logarithms for NRQED bound states, like in hydrogen and muonic hydrogen-like atoms.
At present the operator structure of the HQET Lagrangian, and the tree-level values of their Wilson coefficients, is known to O(1/m 3 ) in the case with no massless quarks [8] . The inclusion of light quarks has been considered in [9] . The Wilson coefficients with leading-log (LL) accuracy were computed in [10] [11] [12] to O(1/m 2 ) and in next-to-leading order (NLO) in [8] to O(1/m 2 ) (without dimension 6 heavy-light operators). The LL running to O(1/m 3 )
has been considered in Ref. [9, 13, 14] . However, we find several discrepancies. We perform a detailed comparison in Sec. V A.
In this paper we obtain the renormalization group (RG) improved expressions of the Wilson coefficients of the HQET Lagrangian with LL approximation to O(1/m 3 ) for the spin-independent sector, which includes the heavy quark chromo-polarizabilites. Our analysis includes the effects induced by spectator quarks.
II. THE HQET LAGRANGIAN A. HQET Lagrangian without light fermions
The HQET Lagrangian is defined uniquely up to field redefinitions. In this paper we use the following HQET Lagrangian density for a quark of mass m Λ QCD [8] :
Here ψ is the NR fermion field represented by a Pauli spinor. The components of the vector σ are the Pauli matrices. We define iD
and
, where ijk is the three-dimensional totally antisymmetric tensor 1 with
Note also that we have rescaled by a factor 1/N c the coefficients c A 3,4 , compared with the definitions in [8] . In general, we will refer to the c A i as the chromo-polarizabilities. 1 In dimensional regularization several prescriptions are possible for the ijk tensors and σ, and the same prescription as for the calculation of the Wilson coefficients must be used.
B. HQET Lagrangian with massless fermions
We now include n f massless fermions to the HQET Lagrangian. The Lagrangian now has the following structure:
The complete set of operators at O(1/m 2 ) can be found in [12] . They read
As we will discuss later, c l D and the light-light operators would contribute at NLL. Therefore, we will not consider them any further. We only have to discuss the 1/m 3 heavy-light operators (i.e. those of dimension 7). These have been studied in [9] . We do not try to make an exhaustive analysis of all of them. We will only consider in detail those that have LL running and affect the running of the chromo-polarizabilities.
The operators relevant for this calculation can be found in Eq. (10) of [9] . After disregarding some of them because of its spin dependence or because they are proportional to the energy of the heavy quark (so they become subleading after using the equations of motion), we find that, in QCD, the only relevant operators are:
where iD
The arrows over the derivatives indicate that the covariant derivatives act over fields in the left/right hand depending on the direction of the arrow (they only act over heavy quark fields or over light quark fields),
. In our case, we work in the rest frame, so that
It is also understood that in the octet case the covariant derivative stands left/right of the color matrix when acting to the left/right. Moreover, we are in the heavy-quark sector, and not in the antiquark one, so we can project to this sector. In practice this is equivalent to take the γ 0 which appears fromh v ≡ψ equal to one, γ 0 → 1. After all these simplifications, the previous operators can be written as:
We then have
where the O i are linear combinations of all possible M to be defined later. We are not interested in all of them, but only those that may get LL running and contribute to the chromo-polarizabilities. We discuss this issue in Sec. IV B.
III. COMPTON SCATTERING
In order to prepare the computation of the anomalous dimensions of the heavy quark chromo-polarizabilities, it is useful to consider the Compton scattering of a heavy quark with a gluon. In this section we study the spin-independent part of the Compton effect in QCD, which is the scattering of a gluon with a heavy quark, Qg → Qg. We will compute it at tree level up to O(1/m 3 ) in the mass expansion and in the Coulomb gauge (though obviously the Compton scattering is a gauge independent object). We will consider the incoming and outgoing quarks with four-momentum p = (E 1 , p) and p = (E 1 , p ). Gluon four-momenta will be considered as being outgoing and labeled as k 1 , i, a and k 2 , j, b with respect to color and vector indices. This also implies the on-shell condition k
We work in the incoming quark rest frame, i.e E 1 = 0 and p = 0, so p = −(k 1 + k 2 ) and
). In addition, let's define the unit vectors n 1 = k 1 /|k 1 | and n 2 = k 2 /|k 2 |. The relation
also holds from four-momenta conservation. With appropriate Wilson coefficients (to O(1/m 3 )) the topologies of the diagrams we have to consider for such computation can be found in Fig. 1 . Overall, we obtain
We first observe that c D does not appear explicitly in the computation. It only appears implicitly through c M (as c M is related with c D by reparameterization invariance). From the above result we also observe that c A 2 and c M always appear in the same combination: [15] for a discussion on this issue).
For QED we obtain
(1) 
This expression agrees with Eq. (19) in [16] .
For completeness, we also define polarizabilities. The concept of polarizability is poten- protons (see for instance [17] [18] [19] ). One possible definition is the one used in [20] , which adapted to the notation of our paper reads
Note that, even in QED, the polarizabilities are not low energy constants, as they depend on the renormalization scale.
The above analysis gives us the set of Wilson coefficients and its combinations that appear in physical observables. Those are the ones for which we will compute the anomalous dimensions:
IV. COMPUTATION OF THE 1/m 3 ANOMALOUS DIMENSION
We want to determine the anomalous dimension of the 1/m 3 Wilson coefficient operators
In principle, one would like to only compute irreducible diagrams. Nevertheless, in such situation we would need to consider a more extense basis of operators, including those that vanish on-shell. Therefore, we will then instead also consider reducible diagrams in a computation that resembles the one of a S-matrix element. In our case we will compute To start with we do not consider spin-dependent ones but even for the spin-independent operators we are not exhaustive in the search of a complete basis of operators. The reason is that most of them start to contribute at NLL, playing a subleading role in heavy quarkonium physics. We will only consider those that contribute at LL to the polarizabilities.
In order to check some parts of the computation we will also compute the elastic scattering of the heavy quark with a longitudinal gluon. This allows to check the combinations 2c
Please note that the matching coefficients of the kinetic term are protected by reparameterization invariance (c k = c 4 = 1 to any order in perturbation theory) [21] . Nevertheless, we will often keep them explicit for tracking purposes. We will also compute the running of c 4 explictely at one loop as a check.
In principle, c M is also fixed by reparameterization invariance. It was originally determined in [8] . Recently, a new result, 2c M = c D − c F , was obtained [20] , which differs by a sign of the old one. As we have already discussed, the computation of a physical observ- We will perform the computation in the Coulomb gauge. On the one hand this will significantly reduce the number of diagrams to compute. On the other hand the complexity of each of them increases. It also makes difficult to use standard routines for computations of diagrams designed for Feynman gauges and more relativistic-like setups. In the Coulomb gauge the normalization of the quarks and gluon fields and g read (in this paper we define
where
A. QED case
As a warm-up, we first consider the pure QED case (C F = 1, C A = 0 and n f = 0). The diagrams that contribute can be found in Fig. 2 .
For the reducible diagrams we have to keep in mind that the sub-irreducible part of the diagram can be Taylor expanded in powers of the energy. When computing, as expected, we find that the non-local terms are finite and all divergences can be absorbed by local counterterms that correspond to operators of the Lagrangian 2 . The result is the following
where the subscript B stands for the bare Wilson coefficient, whereas the renormalized Wilson coefficients do not have an associated subscript.
c 4 does not renormalize. This we explicitly check. Overall, we obtain the following RG equations:
Note that in order to determine the running of c M and c A 2 separately, we had to consider the gluons to be off-shell, otherwise we can not distinguish the Feynman rule of c M and
The first diagram is the tree-level diagram multiplied by the prefactor 
The running of these operators is determined from the diagrams (topologies) drawn in Fig. 3 .
They produce around 57 diagrams to be computed (without counting crossed ones).
We will see later that d Therefore, we will not consider it. For the other two Wilson coefficients we obtain
which produce the following RG equations:
Quite remarkably, the RG equations depend only on gauge-independent combinations of The other d coefficients have the structure (i, j > 3)
Therefore, they are NLL.
C. QCD case
For the pure gluonic sector we have that c g 1 is NLL. Therefore, we will neglect it in the following.
The running of {c A i , c 4 } is determined from the topologies drawn in Fig. 4 . Out of these topologies we generate all possible diagrams of order 1/m 3 by considering all possible vertices to the appropriate order in 1/m and/or kinetic insertions. This generates around 200 diagrams (without taking into account permutations and crossing). These topologies refer to the elastic scattering of the heavy quark with a transverse gluon. The topologies of the elastic scattering of the heavy quark with a longitudinal gluon (which we also compute)
are the same (though, obviously, the external wave function counterterms change) and also generate around 200 diagrams (without taking into account permutations and crossing).
Note that each of the internal gluon propagators may refer to a transverse or longitudinal gluon.
Since we work in the massless limit the expression for d Overall, we obtain
This produces the following RG equations:
It is worth mentioning that the running of c 
The matrix M follows from the results of the previous section. We only need the LL running of α:
and n f is the number of dynamical (active) quarks.
Then the above equation can be simplified to
We also need the initial matching conditions at the hard scale. The tree-level Wilson coefficients at the hard scale have been determined in Ref. [8] . 
After the inclusion of light fermions, the solution of the RG equations is numerical. We show the result for n f = 4 light fermions where α(m) has n f active light flavors:
We draw in Fig. 5 the above results when applied to the bottom heavy quark case to illustrate the importance of the incorporation of large logarithms in heavy quark physics (for physical processes where these Wilson coefficients appear). We run the Wilson coefficients from the heavy quark mass to 1 GeV for zero and four massless fermions. For illustrative purposes, we take m b = 4.73 GeV and α(m b ) = 0.215943. Besides the running of the Wilson coefficients, we also consider some specific combinations that appear in physical observables.
In heavy quarkonium physics applications (like the NNNLL running of the spectrum and the NNLL running of Wilson coefficient of the electromagnetic current) we observe that only the [22] . For the Compton scattering discussed in Sec. III we observe that c A 1,3 and, again,c A 2,4 appear. We remind the reader that those can be understood as linear combinations of the (chromo-)polarizabilities of the heavy quark.
For the numerical analysis we observe the following. For most cases the incorporation of light fermions plays a minor role in the result. The effect due to the logarithms are very large in most cases. This is due to very large coefficients multiplying the logs (even in the Abelian limit the coefficient is quite large). We also observe that the LL resummation is basically saturated by the single log in all cases except for c A 4 andc A 4 . Let us now discuss in more detail each individual Wilson coefficient. We observe the following: c A 1 changes from 1 to -2 after running. The case ofc A 2 is even more dramatic. It goes from 0 to 10 after running.
The change after running of c A 3 is more moderate though certainly sizable and so is for c A 4 .
In this last case the resummation of logarithms happens to be important. Comparatively the running of d 
A. Comparison with earlier work
The LL running of the Wilson coefficients of the 1/m 3 operators of the HQET Lagrangian was first addressed in Refs. [9, 13, 14] . For the case with no light fermions, expressions for the anomalous dimension matrix and explicit expressions for the Wilson coefficients with single log accuracy are given. We find that these results are mutually inconsistent, as his anomalous dimension matrix produces a different expression for the explicit single log expression written in these references for the Wilson coefficients (except for c
12 ). The basis of operators these results have been obtained is different from the basis we use in our paper. This makes the comparison difficult. In order to compare our results we have to move from one basis to the other. This is possible by the use of field redefinitions (at the order we are working it is equivalent to the use of the (full) equations of motion to order 1/m). We obtain the following relation between the Wilson coefficients (spin-independent) in the two basis:
and these relations between the Wilson coefficients at O(1/m) and O(1/m 2 ):
In order to use these expressions we need to give values for c D and c M . We use the LL resummed expressions of c D obtained in the Feynman gauge (for c M we use reparameterization invariance), as the computation in those references was done in the Feynman gauge.
Note that this makes several of these coefficients gauge dependent. We can now produce expressions for the anomalous dimension matrix in Balzereit basis from our result. We obtain (we use the same ordering and notation as in Ref. [13] ): 
where we only include the contribution of spin-independent operators: O 1−4,12,13 . In all matrices (except the last one) we find discrepancies with the entries in the Appendix of Ref.
[13]. The differences do not follow a clear pattern. On the other hand, remarkably enough, our anomalous dimension matrix produces the same single logs as those in Table II of Ref. [14] (note that the expression for c
is different from the one one can find in Table I of Ref. [13] ).
It is also interesting to make the comparison backward and try to produce results for our
Wilson coefficients from the results obtained in Refs. [13, 14] . The inverse relations read:
3 + c
2 + c
4 + c
1 c
1 ,
12 ,
13 .
The running of c M agrees with the result predicted by reparametrization invariance (in Feynman gauge). For the gauge invariant combinations of Wilson coefficients we have computed in our paper, the anomalous dimension matrix given in Ref. [13] yields different RG equations than those we found in Sec. IV C (nor even the running of c 4 is zero), and also different logs as those we found in Eqs. (61-64) (except for (63)). On the other hand the single logs given in Table II of Ref. [14] yield results in agreement with our single log results in Eqs.
(61-64).
The case including light fermions was analyzed in Ref. [9] . In this case no anomalous dimension matrix was given but only the result for the single logs. For the operators we consider in our paper, such results disagree with Eqs. (65-66). We find c We have performed a numerical analysis of these results. We observe that the running produces a very large effect. For combinations that appear in physical cases such as in heavy quarkonium dynamics or in Compton scattering, the running is more moderate but still quite large.
These results are necessary building blocks for the complete determination of the production (and annihilation) of heavy quarkonium with NNLL accuracy near threshold and of the heavy quarkonium mass with NNNLL precision. = −c 4 ig 
